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Abstract
We calculate the quantum gravitational corrections to the Mukhanov-
Sasaki equation obtained by the canonical quantization of the inflaton-
gravity system. Our approach, which is based on the Born-Oppenheimer
decomposition of the resulting Wheeler-DeWitt equation, was previ-
ously applied to a minimally coupled inflaton. In this article we exam-
ine the case of a non minimally coupled inflaton and, in particular, the
induced gravity case is also discussed. Finally, the equation govern-
ing the quantum evolution of the inflationary perturbations is derived
on a de Sitter background. Moreover the problem of the introduc-
tion of time is addressed and a generalized method, with respect to
that used for the minimal coupling case, is illustrated. Such a gen-
eralized method can be applied to the universe wave function when,
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through the Born-Oppenheimer factorization, we decompose it into a
part which contains the minisuperspace degrees of freedom and an-
other which describes the perturbations.
1 Introduction
Inflation [1] was originally introduced to overcome the fine tuning problems
affecting the old hot big bang cosmology. Today, 40 years after its introduc-
tion, by inflation we mean a very articulated framework potentially capable
of connecting many aspects of the very early Universe to the present day,
low energy, observations [2]. Since the microphysics behind inflation is still
unknown, people generically speak of the inflationary paradigm and its the-
oretical description has been declined in many different ways.
Any inflationary model describing the cosmological evolution during the
very early stages of our Universe must supply at least 60 e-folds of accelerated
expansion and, during such a phase, the quantum fluctuations of the vacuum,
which are believed to generate the seed of the large scale structure we ob-
serve today, are stretched beyond the causal horizon giving rise to a nearly
scale independent spectrum of perturbations [3]. Any successful model of
inflation must provide a dynamical mechanism which, independently of the
initial conditions, satisfies to the above requirements.
Moreover, depending on the formulation chosen for the inflationary paradigm,
other observable outcomes may be generated by the accelerated phase such
as primordial gravitational waves and black holes (which today may consti-
tute part of the Dark Matter content of our Universe [4]). Due to its high
energy origin inflation can provide an answer to many fundamental problems
of modern physics such as the origin of the Dark components of the Universe
or the description of Quantum Gravity and can fill the huge gap between the
physics at Planck scales down to the Standard Model and classical General
Relativity (GR).
It is an accepted belief that GR is an effective description of gravity at large
distances (low energy). At Planck energies the classical description provided
by GR must include new effects arising from quantum mechanics and a new,
description of the microscopic world at the Planck length could even be pos-
sible [5]. Quantum effects could generate new operators, irrelevant at low en-
ergies, such as higher powers of curvature and any theory sector containing a
scalar field (such as the Higgs field [6]) may couple to gravity non-minimally,
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drive inflation and/or dynamically affect the “effective” Newton’s constant.
The latter case has been investigated many years before inflation was intro-
duced and was originally called Induced Gravity (IG) since the gravitational
field equations were a consequence of (were “induced by”) the quantum be-
haviour of some scalar field on the curved background [7]. Later on [8], it
was realised that such a model could in principle drive inflation and become
GR at low energies (in the presence of a suitable potential).
Induced gravity is thus a natural candidate for the description of the very
early Universe, including inflation and quantum effects. The addition of
non-perturbative quantum gravitational corrections to such a class of models
would lead to an even more complete description of inflationary physics close
to Planck energies. In this article we shall consider such a possibility as we
canonically quantize the minisuperspace (homogeneous) degrees of freedom
(DOF) and then study the evolution of the vacuum fluctuations on the ho-
mogeneous background. The method employed was already applied to the
GR case in a series of articles [9] and is based on the quantization of the
Hamiltonian constraint leading to the Wheeler-DeWitt (WdW) equation for
the wave function of the universe [10]. After a decomposition à la Born-
Oppenheimer (BO) [11] for the total universe wave function one is led to a
quantum equation for the homogeneous degrees of freedom, which includes
the back-reaction of the quantum fluctuations, and an equation for the wave
function of each mode of the quantum fluctuations which also depends on
the minisuperspace variable. In this context we illustrate a general method
for the introduction of the classical time in this latter equation, based on the
solution of the Hamilton-Jacobi equation for the minisuperspace variables.
This method is a generalisation of that used in the GR case and can be ap-
plied to a class of solutions of the homogeneous WdW equation which cannot
be non trivially decomposed into a gravitational part and a homogeneous in-
flaton part [12].
Finally we apply our method to the de Sitter case which, for IG, is given by
a quartic potential. The equation governing the evolution of each mode of
the vacuum fluctuation is found to be the same as is obtained for GR and de
Sitter (with a constant potential for the scalar field). This result is derived
by evaluating the non adiabatic effects emerging from the BO decomposition
perturbatively and showing that, at least in the de Sitter case, the infla-
tionary spectra are invariant w.r.t. the Jordan to Einstein frame transition
even when the quantum gravitational corrections are included. This result is
non trivial and is complementary to that obtained in a previous article, [12],
3
where such an equivalence was shown only for the homogeneous DOF.
The article is organized as follows. In section 2 we review the basic equations
and introduce the formalism. In section 3 we first apply the BO decompo-
sition to the inflaton gravity system and we then illustrate how time can be
introduced in this context so as to finally derive the MS equation with quan-
tum gravitational corrections included. In section 3 we apply the formalism
to the de Sitter case and finally in section 4 we illustrate our conclusions.
2 Beyond the Minisuperspace approximation
Let us consider a non minimally coupled scalar field on a curved, spatially
flat, spacetime described by the following action
S =
∫
d4x
√−g
[
−U
2
R +
1
2
∂µφ∂
µφ− V (φ)
]
(1)
where U = (M2 + ξφ2). The above action can be decomposed into a ho-
mogeneous part plus fluctuations around it. In what follows we shall only
consider the scalar fluctuations of the metric. They are associated with the
scalar field and can be collectively described in terms of a single, Mukhanov-
Sasaki (MS) field v(x, t). The full lagrangian density governing the evolution
of the homogeneous variables and perturbations is given by
L = −L3
(
3U
aa˙2
N
+ 6ξφφ˙
a2a˙
N
− a
3φ˙2
2N
+ a3NV
)
+
∑
k
Lk (2)
where the dot denotes the derivative w.r.t. a generic time variable associated
with the lapse function N and Lk is the lagrangian of the k-mode of the
Mukhanov-Sasaki variable vk which here describes scalar perturbations
1. Let
us note that, on working in a flat 3-space, and considering both homogeneous
and inhomogeneous quantities, one must introduce an unspecified length L
(see [9] for more details). In what follows we shall set L = 1. The lagrangian
Lk takes the form
Lk = 1
2
(
v′k − ω2kv2k
)
(3)
with
ω2k = k
2 − z
′′
z
(4)
1A formally identical contribution can be added to describe the tensor perturbations.
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when the conformal time (N = a) is chosen. The time dependent mass term
for the scalar perturbations z′′/z in this context is defined in terms of the
homogeneous classical DOF as
z ≡ a
2φ′
a′
(
1 +
6ξ2φ2
U
)1/2(
1 +
ξaφφ′
a′U
)−1
(5)
and is a function of time. Moreover the MS variable vk, in the uniform
curvature gauge, is
vk =
z a′
a φ′
δφk, (6)
where δφk is the Fourier transform of the inflaton field fluctuations.
The definition of the momenta mixes the velocities of the homogeneous DOF
in the minisuperspace approximation (see [12]) and one has
pia = −6Ua′ − 6ξφφ′a, piφ = −6ξφaa′ + a2φ′, pik = v′k. (7)
Correspondingly the velocities are
φ′ =
Upiφ − ξaφpia
a2 (U + 6ξ2φ2)
, a′ = − apia + 6ξφpiφ
6a (U + 6ξ2φ2)
, v′k = pik. (8)
The system Hamiltonian is finally
H = pi
2
φ
2a2
U
U + 6ξ2φ2
− ξφ piapiφ
a (U + 6ξ2φ2)
− pi
2
a
12 (U + 6ξ2φ2)
+ a4V +
∑
k
Hk (9)
with Hk = 12 (pi2k + ω2kv2k). Given the invariance of the system w.r.t. time
reparametrisation, the Hamiltonian H is zero.
The canonical quantisation of the matter-gravity system, then leads to the
following Wheeler-DeWitt equation, in the coordinate representation, where,
for simplicity, we consider a suitable ordering for the kinetic terms:{
1
12U
∂2A +
ξ
U
∂A∂F − 1
2φ2
∂2F + a
6
(
1 +
6 ξ2φ2
U
)
V
+a2
(
1 +
6 ξ2φ2
U
)∑
k
Hˆk
}
Ψ(a, φ, [vk]) = 0 (10)
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with A ≡ ln a, F ≡ lnφ. In the limit ξ → 0 (U → MP2) the above equation
becomes{
1
12a2MP
2∂
2
A −
1
2a2φ2
∂2F + a
4V +
∑
k
Hˆk
}
Ψ(a, φ, [vk]) = 0 (11)
which is its correct GR limit. On the other hand in the limit MP → 0
(U → ξφ2) the WdW equation (10) becomes{
1
12ξ
∂2A + ∂A∂F −
1
2
∂2F + a
6 (1 + 6 ξ)φ2V
+a2φ2 (1 + 6 ξ)
∑
k
Hˆk
}
Ψ(a, φ, [vk]) = 0 (12)
and its correct IG limit is recovered.
Let us now perform the following Born-Oppenheimer (BO) decomposition
where the homogeneous DOF are factorised with respect to the wave function
of the perturbations:
Ψ(a, φ, [vk]) = Ψ0(A, F )
∏
k
χk(A, F, vk). (13)
Let us note that each mode of the perturbations is described by the corre-
sponding wave function which also depends on the homogeneous DOF.
2.1 BO decomposition
The BO decomposition was originally applied in atomic physics and consists
of factorising the total wave function of atoms and molecules in a part for
the “slow” DOF (nuclei) and a part for the “fast” DOF (electrons), the lat-
ter depending on the “slow” variables as well. To the leading order in the
adiabatic approximation the BO decomposition then leads to a system of
coupled Schrödinger equations which can be solved analytically. Non adia-
batic terms, at the next to leading order, determine non adiabatic transitions
between quantum levels, otherwise neglected in the adiabatic approximation.
The same BO approach has been successfully applied to the inflaton-gravity
system by usually associating to the scale factor the role played by the nucleus
in atomic physics and to matter (homogeneous inflaton and perturbations)
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that of the electrons. The non adiabatic contributions which arise in the de-
compositions are, in this context, associated with the quantum gravitational
effects. Such effects in the common semiclassical treatment of the evolution
of inflationary perturbations are neglected.
In contrast with [9], where only the scale factor dependence was factorised,
here we followed a more general approach which, in principle, can be ap-
plied to systems where the wave function of the “slow” (gravitational) DOF
cannot be, non trivially, factorised. Moreover in scalar-tensor theories the
role of the scalar field (besides being the inflaton) is tightly intertwined with
gravity since it dynamically determines Newton’s constant and “induces” its
dynamics through quantum effects.
In order to proceed with the BO decomposition let us first rewrite the WdW
equation in a compact form as{ ∑
α,β=1,2
Gαβ∂α∂β + a
6
0e
6AV + a20e2Ah
∑
k
Hˆk
}
Ψ(a, φ, [vk]) = 0 (14)
where X = (A, F ) (X1 = A, X2 = F ), ∂α ≡ ∂Xα and
G ≡ 1
2
(
(6ξ)−1 1
1 −g
)
(15)
is the metric of the homogeneous minisuperspace. Moreover let us set
g =
U
ξφ2
, h =
U + 6 ξ2φ2
ξ
, V = hV (16)
and from here on we shall use the Einstein summation convention in order
to keep the notation as compact as possible.
The BO decomposition is performed by splitting the total wave function using
the ansatz (13). Then an equation for the homogeneous wave function Ψ0 can
be obtained by projecting out the inhomogeneous DOF i.e. by contracting
the WdW equation with
∏
k χ
∗
k(A, F, vk) and integrating over
∏
k dvk. The
resulting equation is
Gαβ
{
∂α∂β +
∑
k
[
2〈χk|∂αχk〉
(
∂β +
∑
j 6=k
〈χj |∂βχj〉
)
+ 〈χk|∂α∂βχk〉
]}
Ψ0
+
(
a60e
6AV + a20e2Ah
∑
k
〈χk|Hˆk|χk〉
)
Ψ0 = 0 (17)
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where
〈χk|Oˆ|χk〉 ≡
∫ +∞
−∞
dvk χ
∗
k(a, φ, vk)R(Oˆ)χk(a, φ, vk) (18)
and R(Oˆ) is the coordinate representation of the operator Oˆ. Henceforth,
in order to keep the notation compact, we shall use the same notation for
quantum operators independetly of the representation used. This latter equa-
tion correctly reproduces that for minisuperspace [12] when one neglects the
back-reaction of the inhomogeneities on the homogeneous part in the above
equation (17). In the present context, the back-reaction is given by the
semiclassical contribution of the energy density of the inhomogeneities and
consists in the sum of the averaged hamiltonians Hk plus the non adiabatic
contributions which describe the quantum gravitational effects. These con-
tributions are expected to be small during inflation when the homogeneous
inflaton energy density is usually assumed to be, by far, the leading contri-
bution.
One then finds the equations for the modes χk. These equations can be ob-
tained by multiplying the gravitational equation by χk and then subtracting
the WdW equation multiplicated by
∏
j 6=k χ
∗
j and integrated over
∏
j 6=k dvj .
The resulting equation is
Gαβ
{
2 (∂αΨ0) (∂β − 〈χk|∂βχk〉)χk +Ψ0 (∂α∂β − 〈χk|∂α∂βχk〉)χk
+2Ψ0
(∑
i 6=k
〈χi|∂αχi〉
)
(∂α − 〈χk|∂αχk〉) ∂βχk
}
+a20e
2AhΨ0
(
Hˆk − 〈χk|Hˆk|χk〉
)
χk = 0. (19)
Let us now define the recurrent expression 〈χk|Oˆ|χk〉 ≡ 〈Oˆ〉k. The expression
(19) is the equation for the wave function of the k-mode of the MS field and
in the present form also contains the dependence on the modes different from
k. The equations (17) and (19) are equivalent to the WdW equation (14).
They can be simplified by re-phasing Ψ0 and χk as follows:
Ψ0 ≡ Ψ˜0eiθ(A,F ) , χk ≡ e−iθk(A,F )χ˜k (20)
with
θ(A, F ) ≡ i
∑
j
∫ A,F
〈∂α〉jdX¯α , θk(A, F ) ≡ i
∫ A,F
〈∂α〉kdX¯α. (21)
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Let us note that the above line integrals are independent of the contour of
integration chosen provided no singularities are present in the domain of
integration (and this is generally the case) [11]. Moreover one has
∂αθ(X) = i
∑
j
〈∂α〉j , ∂αθk(X) = i〈∂α〉k. (22)
In terms of the re-defined wave functions the homogeneous equation (17)
takes the form
Gαβ∂α∂βΨ˜0 +
(
e6AV + e2Ah
∑
k
〈 ˆ˜Hk〉k
)
Ψ˜0 = G
αβ
∑
k
〈∂αχ˜k|∂βχ˜k〉Ψ˜0 (23)
where 〈 ˆ˜O〉k ≡ 〈χ˜k|Oˆ|χ˜k〉 and the r.h.s. contains the quantum gravitational
effects on the total back-reaction of inhomogeneities for the homogeneous
background. On neglecting such inhomogeneities one recovers the WdW
equation for the minisuperspace variables.
The equation for the perturbations finally becomes{
Gαβ
[
2
∂αΨ˜0
Ψ˜0
∂β +
(
∂α∂β − 〈∂˜α∂β〉k
)]
+ a20e
2Ah(F )
(
Hˆk − 〈 ˆ˜Hk〉k
)}
χ˜k = 0
(24)
and, in contrast with (19), it only contains a single k-mode. Therefore, from
here on, we shall omit the external subscript k to keep the notation compact
(〈 ˆ˜O〉k → 〈 ˆ˜O〉).
Let us note that the expression Gαβ(2∂αΨ˜0/Ψ˜0)∂β is related to the introduc-
tion of time [9]. It is given by 4 contributions:
2Gαβ
∂αΨ˜0
Ψ˜0
∂β =
1
6ξ
∂AΨ˜0
Ψ˜0
∂A +
∂F Ψ˜0
Ψ˜0
∂A +
∂AΨ˜0
Ψ˜0
∂F − g(F )∂F Ψ˜0
Ψ˜0
∂F . (25)
We observe that(
1
6ξ
∂AΨ˜0
Ψ˜0
+
∂F Ψ˜0
Ψ˜0
)
∂A =
i
Ψ˜0
(
apˆia + 6ξφpˆiφ
6ξ
Ψ˜0
)
a ∂a (26)
and (
∂AΨ˜0
Ψ˜0
− g(F )∂F Ψ˜0
Ψ˜0
)
∂F =
i
Ψ˜0
(
ξφapˆia − Upˆiφ
ξφ
Ψ˜0
)
φ ∂φ. (27)
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In the semiclassical limit, to the leading order in h¯, quantum operators can
be replaced by their classical counterparts leading to
(apˆia + 6ξφpˆiφ) Ψ˜0 ≃ −6ξa a′h Ψ˜0 , (ξφapˆia − Upˆiφ) Ψ˜0 ≃ −ξa2φ′h Ψ˜0, (28)
where the quantities on the r.h.s. in (28) are the classical (time dependent)
variables. Therefore, in such a limit,(
1
6ξ
∂AΨ˜0
Ψ˜0
+
∂F Ψ˜0
Ψ˜0
)
∂A = G
α1∂αΨ˜0
Ψ˜0
∂1 ≃ −i
(
a2a′h
)
∂a (29)
(
∂AΨ˜0
Ψ˜0
− g(F )∂F Ψ˜0
Ψ˜0
)
∂F = G
α2∂αΨ˜0
Ψ˜0
∂2 ≃ −i
(
a2φ′h
)
∂φ. (30)
and
2Gαβ
∂αΨ˜0
Ψ˜0
∂βχ˜k(a, φ, vk) ≃ −ia2h ∂
∂η
χ˜k(a(η), φ(η), vk), (31)
where the homogeneous variables must be evaluated on the classical trajec-
tory χ˜k(a(η), φ(η), vk) ≡ χ˜k(η, vk).
2.2 Introduction of time
As we already pointed out the emergence of time in equation (24) is related
to the derivative of the homogeneous wave function and is therefore a conse-
quence of the BO decomposition. We have also observed (see (31)) that the
emerging “flow” of the time is defined by the trajectories in the (A, F ) mani-
fold (i.e. the configuration space of the homogeneous variables) described by
the tangent vector
∂η = η
A∂A + η
F∂F ≡ ηα∂α, (32)
where ηA and ηF are functions defined on the configuration space and cor-
responding to the classical velocities ηA = ∂Acl
∂η
and ηF = ∂Fcl
∂η
. The integral
curves (A(η), F (η)), solutions of the system{ dA
dη
= ηA(A, F )
dF
dη
= ηF (A, F )
, (33)
represent the classical solutions and the corresponding tangent defines the
(classical) time flow. The solutions of (33) depend on two integration con-
stants. The resulting curves form a congruence on the configuration space
10
(minisuperspace).
Let us note that the “emergence” of time is associated with some classi-
cal limit of the state described by the homogeneous wave function Ψ0. If the
matter-gravity system maintains a purely quantum behaviour a classical time
cannot be introduced and no real advantage can be obtained from the BO
approach. For example, a well defined classical behaviour in minisuperspace
is recovered in the leading order of the WKB approximation or in the large
a limit for some quantum solutions to the homogeneous WdW equation [12].
The introduction of time depends on the quantum fluctuations around the
classical trajectory due to the intrinsic quantum nature of the matter-gravity
system. When such fluctuations are small they can be treated perturbatively
and the classical limit is well defined. The presence of large quantum fluc-
tuation destroys the classical evolution and signals that the system is in a
highly quantum (non-classical) state.
2.3 Hamilton-Jacobi equation
In order to obtain the classical flow of the time, one needs the functions
ηα, defined over the configuration space (and corresponding to the minisu-
perspace). These functions can be calculated from the general solution of
the classical Hamilton-Jacobi (HJ) equation. From the classical Hamiltonian
H = H (pia, piφ, a, φ), given by expression (9) (without including the inhomo-
geneities), we derive the following HJ equation for the HJ function W (a, φ)
H (∂aW, ∂φW, a, φ) = 0. (34)
An exact general solution for (34) can be obtained in the IG case for potentials
of the form V = λM4−nφn starting from the ansatz
W = ν ln
a
a0
+ lnω(x), (35)
where x ≡ a3φn+22 . Thus,
∂AW = ν + 3
d lnω
d ln x
, ∂FW =
n+ 2
2
d lnω
d ln x
(36)
11
and the HJ equation becomes(
d lnω
d ln x
)2 [
3
4ξ
− (n− 4)
2
8 (1 + 6ξ)
]
+
(
d lnω
d ln x
)[
1
ξ
+
n− 4
1 + 6ξ
]
ν
2
+
+
[
ν2
12ξ (1 + 6ξ)
− λM4−nx2
]
= 0. (37)
This first order differential equation can be solved algebraically for d lnω/d lnx
and then integrated to obtain
ω(x) = D˜ xA˜ exp
±
√B˜ + C˜x2 −√B˜ tanh−1
√
1 +
C˜
B˜
x2
 (38)
with
A˜ = −
[
1 + (n−4)ξ
1+6ξ
]
[
1− ξ(n−4)2
6(1+6ξ)
] ν
3
, (39)
B˜ = A˜2 − 2ν
2
3
[
6 (1 + 6ξ)− ξ (n− 4)2] , (40)
C˜ =
4ξλM4−n
3
[
1− ξ(n−4)2
6(1+6ξ)
] (41)
and D˜ is an integration constant. In the n = 4 limit the expressions above
are further simplified and, in particular, one obtains
d lnω
d ln x
= −ν
3
±
√
2ξν2
3 (1 + 6ξ)
+
4ξλx2
3
. (42)
The classical velocities can be obtained from (8) with pia = ∂aW and piφ =
∂φW . For the n = 4 case one has
φ′
φ
= − ν
x2/3 (1 + 6ξ)
,
a′
a
= − 1
6ξx2/3
(
ν
1 + 6ξ
+ 3
d lnω
d ln x
)
. (43)
The constant ν parametrises different sets of trajectories on the configuration
space, the de Sitter (inflationary) attractor trajectory corresponding to ν = 0.
The expressions (43) then take the form
φ′
φ
= 0,
a′
a
=
√
λ
3ξ
a φ. (44)
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2.4 Auxiliary vector
We already observed that
∂η ∼ 2iG
αβ
a2h
∂αΨ˜0
Ψ˜0
∂β (45)
where the approximate equality becomes exact in the semiclassical limit and
to the leading order in h¯. Higher order contributions in i∂αΨ˜0/Ψ˜0 must be
interpreted as quantum gravitational effects related to the definition of time
and, if small, can be treated perturbatively. To the leading order one has
∂η ≡ 2G
αβ
a2h
(∂αW ) ∂β = η
β∂β , (46)
where W is a solution to the HJ equation, and the so-called WKB time
is recovered. On the other hand the above definition of the time flow can
be applied to more general solutions of the homogeneous equation which
substantially differ from the semiclassical ones and then need a more careful
treatment.
Once time is formally introduced by (45) one recovers, to the leading order,
the Schrödinger equation governing the evolution for the wave function of the
inflationary perturbations. Such an equation is equivalent to the Mukhanov-
Sasaki (MS) equation for the operator vˆk calculated on a classical background
(indeed it is the same equation but in the Schrödinger representation).
If one is interested in calculating the quantum gravitational corrections to
the semiclassical MS equation things are more involved. From the definition
(32) of the time flow one can introduce an “auxiliary” vector satisfying
∂τ ≡ τA∂A + τF∂F ≡ τα∂α ,with [∂η, ∂τ ] = 0 (47)
where the normalization of ∂τ is unspecified and can be fixed arbitrarily. Let
us note that ∂τ is not defined in a unique way and, for example, ∂τ + c ∂η
still satisfies the condition (47). The components of the auxiliary vector, by
definition, must satisfy the following equations{
ηA
(
∂Aτ
F
)
+ ηF
(
∂F τ
F
)− τA (∂AηF )− τF (∂FηF) = 0
ηA
(
∂Aτ
A
)
+ ηF
(
∂F τ
A
)− τA (∂AηA)− τF (∂FηA) = 0. (48)
In the n = 4 case ηα = ηα(x) with x = (aφ)3 and therefore
∂Aη
α =
∂ ln x
∂ ln a
dηα
d ln x
= 3
dηα
d lnx
=
∂ ln x
∂ lnφ
dηα
d ln x
= ∂Fη
α. (49)
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The conditions (48) can be then satisfied by setting τA = −τF = τ−10 = const.
One then has the following auxiliary vector field
∂τ = τ
−1
0 (∂A − ∂F ) (50)
which is associated with a new coordinate. The coordinates (η, τ) can now be
adopted to parametrise the configuration space and can be related to (A, F )
by the following change of variable
A =
τ
τ0
+ Acl(η), F = − τ
τ0
+ Fcl(η) (51)
where
A+ F = Acl(η) + Fcl(η) (52)
is a function of η only. By inverting the relations (46,50) one has
∂A =
1
ηA + ηF
(
∂η + η
F τ0∂τ
)
, ∂F =
1
ηA + ηF
(
∂η − ηA τ0∂τ
)
. (53)
Let us note that while ∂η is a vector tangent to the classical trajectories in
minisuperspace, ∂τ is not associated to any particular direction. The two
vectors are necessary in order to estimate the quantum gravitational correc-
tions to the MS equation originally parametrised by (a, φ). Locally, given ∂η,
one can always find a vector orthogonal to it (here the orthogonality means
the orthogonality w.r.t. the minisuperspace supermetric) and the quantum
gravitational effects may be “projected” on these two directions. Physically
∂η generates the time flow on the classical trajectory and the associated quan-
tum corrections are the fluctuations along such a trajectory. On the other
hand the quantum corrections on the orthogonal direction describe the fluc-
tuations away from a given classical trajectory. When one performs the BO
decomposition factorising only one homogeneous degree of freedom and then
using it as the “classical clock” for the rest of the system, by construction
only the quantum fluctuations along the classical trajectory are present.
If one now considers the de Sitter attractor (44) the above expressions are
simplified and one obtains ηF = 0, ηA =
√
λ
3ξ
a φ and
∂A =
1
ηA
∂η, ∂F =
1
ηA
∂η − τ0∂τ . (54)
For such a case ∂τ given by (50) is orthogonal to ∂η globally. We shall adopt
this definition of τ in the following sections.
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2.5 The modified MS Equation
The equation for the wave function of the perturbations is (24). In such an
equation the terms related to the introduction of the time are
− 2G
αβ
a20e
2Ah(F )
∂αΨ˜0
Ψ˜0
∂βχ˜k = i (η
α∂α + q
α∂α) χ˜k ≡ i (∂η + qα∂α) χ˜k (55)
and contributions proportional to i (qα∂α) χ˜k should be considered as quan-
tum corrections emerging from the definition of time. Eq. (24) also contains
“pure” quantum gravitational contributions (originating from non-adiabatic
effects) given by(
Qˆ− 〈 ˆ˜Q〉
)
χ˜k =
Gαβ
a20e
2Ah(F )
[(
∂α∂β − 〈∂˜α∂β〉
)]
χ˜k. (56)
Solving the full quantum equation (24) is a hopeless task. One still may
search for a solution perturbatively. To the leading order one has{
−i ∂
∂η
+
(
Hˆk − 〈Hˆk〉
)}
χ˜k(η, vk) = 0 (57)
where, in Hˆk, a = a(η) and φ = φ(η) are the classical trajectories on minisu-
perspace. One may now redefine
χk,s ≡ exp
[
−i
∫
dη′〈Hˆk〉
]
χ˜k (58)
and obtain the standard MS equation(
i
∂
∂η
− Hˆk
)
χk,s = 0. (59)
This equation can be solved exactly in some cases (for example on a de Sitter
background) or in the Slow Roll approximation. On then following a per-
turbative approach, the quantum gravitational corrections can be evaluated
using the leading order solution. Let us note that the solutions of (59) are
functions of η and not of the auxiliary parameter τ . Therefore the quantum
gravitational effects are only generated by the derivatives with respect to
the classical time flow ∂η and not ∂τ . In the first order equation, all the
contributions arising from ∂τ can be ignored. If ∂τ is chosen as the direction
orthogonal to the classical trajectory we conclude that, within the pertur-
bative approach, the fluctuations away from the classical trajectory must be
zero.
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3 Application to de Sitter evolution
One may apply the method described above to de Sitter evolution and IG.
Such a case is relevant as it describes inflation to the leading order in the
slow roll approximation and many expressions simplify. One may then easily
check how quantum gravitational corrections to the primordial power spectra
can be calculated without having too complicated expressions. In IG the
stable de Sitter attractor exists only for a quartic potential. Correspondingly
the scalar field (at least classically) is constant and takes a value which is
arbitrary and only depends on the initial conditions. We shall only consider
the solutions corresponding to the above mentioned attractor and ignore
those which describe the transient phase with the scalar field slowing down
and approaching the attractor asymptotically.
Classically the formulae relevant for this case have been presented in the
sections 2 and 3. The auxiliary vector has been already calculated and its
relation with the coordinate basis vectors on the configuration space are given
by (54).
The general full perturbation equation is[
−i (ηα + qα) ∂α +
(
Hˆk − 〈Hˆk〉
)
+
(
Qˆ− 〈 ˆ˜Q〉
)]
χ˜k = 0 (60)
where Qˆ is defined by (56) and qα is defined implicitly by (55).
For the de Sitter attractor, the time derivative is ∂η = η
α∂α with
ηF = 0, ηA =
√
λ
3ξ
a φ ≡ aH, (61)
H =
√
λ
3ξ
φ, and the corresponding auxiliary vector is ∂τ and they are related
to ∂A and ∂F by the following relations
∂A =
1
aH
∂η, ∂F =
1
aH
(∂η − aH∂τ ) . (62)
Let us note that aH =
√
λ
3ξ
exp (A+ F ) and, see (52), is a function of
η only. Moreover when ∂F acts on a function of η (and not τ) one has
∂Ff(η) =
1
aH
∂ηf(η). Therefore
Gαβ∂α∂β =
1 + 6ξ
12ξ
(
1
a2H2
∂2η −
1
aH
∂η
)
(63)
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and the perturbations equation then becomes{
−i
(
1 +
qA + qF
aH
)
∂η +
(
Hˆk − 〈Hˆk〉
)
+
1
12ξa4H2φ2
[
∂2η − 〈∂˜2η〉 − aH
(
∂η − 〈∂˜η〉
)]
χ˜k
}
, (64)
where the quantities aH and a φ are functions of η evaluated on the infla-
tionary attractor. Let us note that, to the leading order, the above equation
becomes (57) and 〈∂˜η〉 = 0.
Let us now evaluate the quantum corrections associated with the introduc-
tion of time. They are given by(
Tˆ − 〈 ˆ˜T 〉
)
χ˜k ≡ −i
(
qA + qF
aH
)(
∂η − 〈∂˜η〉
)
χ˜k, (65)
where the quantities qα are implicitly defined by (55) and are thus given by
qβ =
2i
a2h
Gαβ
∂αΨ˜0
Ψ˜0
− ηβ. (66)
On the inflationary attractor Ψ˜0 is a function of x ≡ a3φ3 (see [12] for the
details). Let us rephase it as
Ψ˜0 ≡ ψq exp (iW ) , (67)
where W is the Hamilton Jacobi function which satisfies (34) with ν = 0
and Ψ˜0 satisfies the homogeneous WdW (23) where, for simplicity, we ne-
glect the backreaction of the perturbations (recovering the WdW equation
in minisuperspace). The rephased wave function ψq satisfies the following
equation
2i
dW
d ln x
d lnψq
d ln x
+ i
d2W
d lnx2
+
d2 lnψq
d ln x2
+
(
d lnψq
d ln x
)2
= 0 (68)
where the first two terms usually give the leading contribution in the semi-
classical (h¯ → 0) expansion and lead to the van Vleck determinant. One
finally obtains
qA =
i
2ξa2φ2
d lnψq
d lnx
, qF = 0 (69)
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for the inflationary attractor we are considering. In contrast, on neglecting
the last two terms in (68) (and then following the prescription for the stan-
dard WKB approximation), the expression for ψq can be easily calculated
in terms of W and one has d lnψq/d lnx = −1/2. In this latter case, the
quantum effects are inversely proportional to ξφ2. Let us note that qA only
depends on x and is therefore a function of η only.
The existence of exact solutions for IG and a power law potential also allows
an explicit calculation of the above quantum gravitational corrections. In
[12] we found the following exact solution for IG with a quartic potential:
Ψ˜0 =
(
a
a0
)ν
χ(x), (70)
where
χ(x) = xq [c1Jr(Ax) + c2Yr(Ax)] (71)
with x = a3φ3, A =
(
4
3
ξλ
)1/2
, r = q = 0, and Jr, Yr are Bessel functions.
Let us note that the superpositions of the Bessel functions generally mix
contracting and expanding universes. The solution corresponding to the
classical evolution on the de Sitter attractor corresponds to ν = 0. In the
limit for large ζ ≡ Ax = 2ξφ2a3H one has
Jr(ζ) ∼ 1√
2piζ
[
ei(ζ−
pi
4 )
(
1− i
8ζ
− 9
128ζ2
+O
(
1
ζ3
))
+ c.c.
]
(72)
and
Yr(ζ) ∼ 1√
2piζ
[
−iei(ζ−pi4 )
(
1− i
8ζ
− 9
128ζ2
+O
(
1
ζ3
))
+ c.c.
]
. (73)
Let us now consider the linear combination with c2 = −ic1 which corresponds
to the expanding phase. Then, following the procedure for the introduction
of time, we find
− 2G
αβ
a2h
∂αΨ˜0
Ψ˜0
∂β = − ζ
2ξaφ2
∂ζχ
χ
∂a. (74)
If we keep the leading and next to leading contribution in
∂ζχ
χ
∼ −i
(
1− i
2ζ
+ . . .
)
(75)
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for large ζ then
− ζ
2ξaφ2
∂ζχ
χ
∂a ≃ ia2H
(
1− i
2ζ
)
∂a ≃ i∂η + 1
2ζ
∂η (76)
and thus
iqα∂α =
1
2ζ
∂η. (77)
This last contribution is proportional to (ξφ2) and is identical to that ob-
tained with the WKB approximation.
Let us note that the quantum gravitational corrections evaluated in terms of
η and the auxiliary variable τ only depend on aφ, which is a function of η
only, and on the first and second order derivatives in ∂η and ∂τ . Therefore the
resulting “modified” MS equation admits solutions of the form χk,s = χk,s(η)
(without any functional dependence on τ). Therefore, to the leading order,
one recovers the usual MS equation having solutions which depend on the
classical time η. To the next to leading order the quantum gravitational
corrections are evaluated perturbatively with the leading order solution and
therefore the perturbed solution is a function of η only. Thus the quantum
gravitational corrections associated to the direction orthogonal to the time
flow are necessarily zero and one is left with those parallel to the classical
trajectory.
Finally one can rephase χ˜k according to the prescription (58), express (64)
in terms of χk,s (which satisfies the conventional Schrödinger equation (59)
to leading order) and obtain{(
−i ∂
∂η
+ Hˆk
)
− i
2ξa3Hφ2
d lnψq
d ln x
(
Hˆk − 〈Hˆk〉s
)
+
1
12ξa4H2φ2
(
〈i∂ηHˆk〉s − i∂ηHˆk
)
−
(
Hˆk − 〈Hˆk〉s
)2
+
〈Hˆ2〉s − 〈Hˆk〉2s + iaH
(
Hˆk − 〈Hˆk〉s
)}
χk,s = 0, (78)
where now 〈Oˆ〉s ≡ 〈χk,s|Oˆ|χk,s〉. On also considering the van Vleck contribu-
tion to the introduction of time and defining ξφ2 = m˜2P/6 (the effective value
of the Planck mass in the IG framework) one obtains(
i
∂
∂η
− Hˆk
)
χs =
1
2m˜2P
(
Ωˆk − 〈Ωˆk〉s
)
χs, (79)
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where
Ωˆk =
1
a4H2
[
2〈Hˆk〉sHˆk − Hˆk2 − idHˆk
dη
+ 4 (aH) Hˆk
]
. (80)
Let us note that formally this result is the same as the one for the de Sitter
solution in GR with the identification of m˜P and mP ≡
√
6MP where the
former is proportional to the effective Planck mass, which depends on the
expectation value of the scalar (inflaton) field and the latter is proportional
to the Planck mass.
Furthermore on expressing the modified MS equation (79) in terms of the
Einstein Frame DOF a˜, φ˜, η˜, v˜k with
a˜ =
√
6ξ
mPa φ
, φ˜ =
√
1 + 6ξ
6ξ
mP ln
φ
MP
, H˜ =
mP√
6ξ
H
φ
(81)
we observe that
aH = a˜H˜ ⇒ η = η˜ and vk = v˜k (82)
and therefore one recovers exactly the equation already found for GR [9].
We can therefore conclude that, on even including the quantum gravita-
tional corrections and in the “pure” de Sitter case, the primordial spectra are
invariant w.r.t. the Jordan to Einstein frame transformation. Indeed the de
Sitter evolution is invariant with respect to frame transformations and the
primordial spectra calculated without the quantum gravitational corrections
are the same (this latter property of the primordial spectra is valid indepen-
dently of the background evolution chosen). Such an invariance holds also
when quantum gravitational corrections are included. Let us note that the
fact that such an equivalence holds at the quantum level (at least for the de
Sitter case) also confirms the consistency of the approach adopted here for
the introduction of time in a matter-gravity system with two minisuperspace
variables playing the role of the “classical clock”.
4 Conclusions
Non-minimally coupled scalar fields are ubiquitous in cosmology, in particu-
lar when energies become very high since a non-minimal coupling generally
emerges from quantum effects. It seems therefore natural to study their
20
quantum behaviour (in particular during inflation with the scalar field play-
ing the role of the inflaton) in the presence of the quantum gravitational
effects which are usually ignored (or included in an effective description) in
the inflationary era and calculate the evolution of the inflationary spectra.
Theories with non-minimally coupled scalar fields are usually included in
the class of modified gravity theories since such scalar fields affect Newton’s
constant and can modify gravitational attraction even at long distances. Fur-
thermore there exists a mapping between the DOF of such theories and those
of General Relativity with a minimally coupled scalar field, which is called
Jordan to Einstein frame mapping. The mapping is often used since per-
forming calculations in the Einstein Frame is usually easier and the results
can be finally translated into the Jordan frame through the inverse mapping.
This “equivalence” is known to hold at classical and semiclassical levels but
at the full quantum level the complete equivalence of the two frames is not
clear [13].
In this article the technique already employed in a series of articles [11] for
a minimally coupled inflaton and standard General Relativity is applied to
inflation with a non-minimally coupled inflaton. Such a technique leads to a
MS equation with quantum gravitational corrections. The resulting quantum
corrections can then be calculated explicitly for different inflationary models
and the resulting inflationary spectra obtained. Moreover the full quantum
equivalence between the Einstein and the Jordan frame can be investigated
case by case (at least in the canonical quantisation context and within the
approximation scheme followed). As an application we calculated the cor-
rections on a de Sitter background. The MS equation obtained reproduces
correctly that of [11] in the minimally coupled limit and the resulting spectra
are invariant in both frames. This latter result is a consequence of the fact
that the de Sitter evolution is frame invariant and is non-trivial.
Furthermore we discussed the problem of the introduction of time in the
context of quantum cosmology by generalising the approach adopted in [11].
The full scheme presented can be applied to cases more general than pure de
Sitter, in particular more general inflationary potentials should be considered
and more realistic inflationary evolutions (including first order correction in
the slow roll approximation) studied as was already done for the minimally
coupled case [9].
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